In this work we establish functional asymmetric versions of the celebrated Blaschke-Santaló inequality. As consequences of these inequalities we recover their geometric counterparts with equality cases, as well as, another inequality with strong probabilistic flavour that was firstly obtained by Lutwak, Yang and Zhang. We present a brief study on an Lp functional analogue to the center of mass that is necessary for our arguments and that might be of independent interest.
Introduction
Functional inequalities with geometric counterpart have attracted great interest in recent years. The Brunn-Minkowski/Prekopa-Leindler inequality [24] or Petty-Projection/Sobolev inequality [28] are just two of the main examples in this direction. While the first connection above helped trigger a fruitful development of functional analogues of several geometric parameters into the class of log-concave functions currently undergoing, the second confirmed the strong links between Sobolev type inequalities and isoperimetric inequalites, generating at the same time an increasing interest for finding stronger, affine invariant or asymmetric versions of both Sobolev type inequalities and isoperimetric inequalities.
Within the class of isoperimetric inequalities, which often compare two parameters associated to convex, star or other more general bodies, we will deal in this work with the subclass of affine isoperimetric inequalities. These inequalities remain invariant under non-degenerate linear transformations (or other subgroups) and its interest lies in the fact that they often are stronger and imply their Euclidean counterparts.
More specifically, our work concerns the Blaschke-Santaló inequality for convex sets and some functional versions of it. The Blaschke-Santaló inequality is undeniably one of the most important affine invariant inequalities in Convex Geometry (see [26] for an overview and references therein). Let K ⊂ R n be an origin-symmetric convex body (compact and convex with nonempty interior such that K = −K) and K
• the polar body defined by
The Blaschke-Santaló inequality states that
and equality holds if, and only if, K is a centered ellipsoid, where ωn is the volume of the Euclidean unit ball B n 2 ⊂ R n for n ≥ 2. If K is not origin-symmetric, then there is a unique point s = s(K) ∈ K for which the volume of (K − s)
• is minimized (see [26] for references). This point s is called the Santaló point of K and we have
and equality holds if, and only if, K is an ellipsoid. It is interesting to notice that the product volume in the above Blaschke-Santaló inequality remains bounded by ω 2 n when the Santaló point s of K is replaced by the center of mass c = c(K) of K. In fact, we have
and equality holds if, and only if, K is an ellipsoid. This claim can be proved from the following result which provides a characterization of Santaló points: Lemma 1.1 (see [26, 10.22] ). Let K ⊂ R n be a convex body. Then 0 is the Santaló point of K if, and only if,
In other words, 0 is the Santaló point of K if, and only if, K • has its center of mass at the origin.
Applying Inequality (2) to the set (K − c(K))
• instead of K and using the previous lemma we obtain that both s(K) and c(K) belong to the set
and these two points coincide when K is an ellipsoid. This latter remark will shed some light on the appearance of an Lp-funcional analogue of the center of mass that we study in section 3. Let us note that the set in (4) was considered in [21] where the authors studied its size and other properties. Blaschke-Santaló inequalities have great influence in different areas. In particular, the BlaschkeSantaló inequality (2) is equivalent to the well-known affine isoperimetric inequality (see formula (10.19 ) and the discussion on page 548 of [26] ). Inequalities (1) and (2) were established by Blaschke [3] for n = 2 and n = 3 and later by Santaló [25] for arbitrary dimensions and, finally, the cases of equality were proved by Petty [23] . We also refer to Hug [10] , Meyer and Pajor [19] and Meyer and Reisner [20] for simpler proofs. More recently, Bianchi and Kelly [2] provided a proof of (1) by using a Fourier analytic approach. The Orlicz case for star bodies was treated by Lutwak, Yang and Zhang [16] and Zhu [29] . Functional versions were established by Fradelizi and Meyer [6] in relation to the Prékopa-Leindler inequality, by Artstein-Avidan, Klartag and Milman [1] and later by Lin and Leng [11] for log-concave functions.
Lutwak and Zhang [17] presented a different proof of the Blaschke-Santaló inequality (1) as a limit case as p → +∞ of a family of Lp affine inequalities for centroid bodies. Let K be a star body (compact and star-shaped with nonempty interior) with respect to the origin, p ≥ 1 and ΓpK be the convex body defined by means of the support function
where the normalization constant cn,p is chosen so that ΓpB
Inequality (5) is an extension of (1) in the sense that h(ΓpK, ·) converges to the support function of the convex hull of K ∪ −K when p → +∞, so that the Blaschke-Santaló inequality can be recovered when K is convex and symmetric. Moreover, they also gave an equivalent functional version of this inequality. Let S n−1 denote the Euclidean unit sphere for n ≥ 2. Then given two positive continuous functions f, g : S n−1 → R, we have
In [13] , Lutwak, Yang and Zhang proved the Lp Busemann-Petty centroid inequality
which will play a central role in our paper. It is worth noticing that (7) together with (1) implies (5).
More recently, Haberl and Schuster [7] proved some inequalities extending (5) and (7) to the asymmetric case. Defining the asymmetric Lp moment body Mε,pK by the support function
p + ε max{− y, z , 0} p , they extended inequalities (5) and (7) for the operator Mε,p, namely
and vol(K)
where s ∈ R n is the Santaló point of the set Mε,pK, which is not necessarily origin-symmetric. Here the constants Rn,p and rn,p are defined as the left-hand side of the respective inequality for K = B n 2 , precisely
Inequalities (1), (2), (5), (7), (8) and (9) are sharp and equality holds in all of them if, and only if, K is an origin-symmetric ellipsoid.
The bodies Mε,pK were introduced by Ludwig [12] , and afterwards several affine functional inequalities related to the moment and centroid bodies have been extended to the asymmetric case, see for example [27] and [22] .
Among the several strong (and perhaps surprising) connections between Probability and Convex Geometry (see [18] and references therein), in [15] Lutwak, Yang and Zhang obtained an inequality that provides a sharp lower bound for the moments of the inner product of random variables in terms of their λ-Rényi entropy. Their inequality, that relies on the theory of dual mixed volumes, can be regarded as a generalization of (6) for functions supported in R n . Namely, let λ ∈ (
be the dual of λ. Then, for any nonzero nonnegative continuous functions f, g : R n → R with compact support,
We are interested in the following functional version of the Lp Blaschke-Santaló inequality (5). Let λ ∈ ( n n+p , 1) ∪ (1, +∞]. Then, for any nonzero nonnegative continuous function f : R n → R with compact support,
Noticing that the formula for h(MpK, y) is a convex function regardless of the set K, we might interpret the double integral of (11) as the volume of the polar Lp centroid body of f (see Definition 2.1 below). Plugging f = χK in (11) for λ = +∞, one obtains (5) for a general measurable set K. Inequality (11) can be easily deduced in several ways: by a radial symmetrization argument (Steiner symmetrization with respect to the radial direction in volume-preserving polar coordinates), Inequality (5) is immediately extended to any bounded measurable set K ⊂ R n . Then, applying this extension to the level sets of f , one derives the result. However, one cannot apply this argument in the asymmetric case because the Santaló point varies with the level set. A shorter proof follows from (10) by taking a suitable g depending on f . The fact that there is a connection between (10) and (11) becomes clearer taking into account that the proof of Inequality (10) in [15] uses a radial body Spf that for f = χK is a radial symmetrization of K.
In recent works [5, 8, 9] , the authors showed that the Lp Busemann-Petty centroid inequality (7) may be used to transform sharp Sobolev type inequalities with general norms into affine invariant inequalities. This is the case, for example, of the L p Sobolev inequality with a general norm that was proved by Cordero-Erausquin, Nazaret and Villani in [4] using a mass-transportation approach. Let p ∈ [1, n) and . be a norm in R n . Then, for any smooth function f : R n → R with compact support,
Here . * is the dual norm of . (see Section 2) and S n,p, . denotes the best Sobolev constant for (12) . Following [8] , if we choose a specific norm . f for each f and apply the Lp Busemann-Petty centroid inequality, we end up with the important sharp affine Sobolev inequality of Lutwak, Yang and Zhang [14] f np n−p ≤ Sn,p
where Sn,p and ∇ ξ f (x) denote, respectively, the best Sobolev constant for the Euclidean norm and the directional derivative of f at the point x ∈ R n in the direction of ξ ∈ S n−1 . In the present work, we analyze a similar technique regarding a moment inequality with a general norm proved in [15] , and show that it may be transformed into a functional version of the Lp BlaschkeSantaló inequality. We begin by recalling the following result due to Lutwak, Yang and Zhang:
, 1) ∪ (1, +∞] and K be a convex body with the origin in its interior. Denote by g the gauge function of K defined by g(K, x) = inf{λ > 0 : λx ∈ K}. Then, for any nonzero nonnegative continuous function f : R n → R with compact support,
The best constant a n,p,λ is given by for m, l > 0, being Γ(·) the usual Gamma function. Moreover, Inequality (14) is sharp and equality holds if, and only if, f (x) = ap λ (bg(K, x)) for constants a, b ∈ R, where
Here t+ = max{t, 0} and χ [−1,1] denotes the characteristic function of the set [−1, 1].
Our main results consist in asymmetric versions of inequalities (11) and (10), both inequalities obtained directly from (14) and (8) . The major difficulty is to establish a suitable definition of a Santaló point for f (see Theorem 2.2).
We shall prove the following two theorems:
We consider two separate cases:
1. Symmetric case: For any nonzero nonnegative continuous function f : R n → R with compact support,
The best constant b n,p,λ is given by
Moreover, Inequality (15) is sharp and equality holds if, and only if, f (x) = ap λ (|Bx|), where a ∈ R and B ∈ GLn. Here GLn denotes the set of invertible n × n-matrices.
Asymmetric case:
For each nonzero nonnegative continuous function f : R n → R with compact support, there exists a point c f,p ∈ R n such that for any ε ∈ [0, 1 2 ),
Moreover, Inequality (16) is sharp and equality holds if, and only if, f (x) = ap λ (|B(x − c f,p )|), where a ∈ R and B ∈ GLn.
It is easy to see, using the ideas in the proof of Theorem 2.2, that such a point c f,p in (16) must belong to co(supp f ). While inequalities (15) and (16) are valid for continuous functions f with compact support, they can be extended to
The same conclusion holds for λ = +∞ and f = χK with K ⊆ R n any bounded measurable set. The reader should compare with Inequality (8), see also Remark 2.3.
It should be emphasized that the content of the second part of Theorem 1.3 reduces to the case ε = 0 for which the right-hand side is minimized. ]. Then, for each nonzero nonnegative continuous function f : R n → R with compact support, there exists a point c f,p ∈ R n such that
for any nonzero nonnegative continuous function g : R n → R with compact support. The best constant d n,p,λ is given by d n,p,λ = a n,p,λ b n,p,λ n −p .
Moreover, Inequality (18) is sharp and equality holds for some g and c f,p if, and only if,
, where a, a ′ ∈ R and B ∈ GLn.
The paper is organized as follows: In Section 2 we introduce the main tools and definitions. Section 3 is devoted to the existence of the Santaló point of f (Theorem 2.2) and in Section 4 we prove Theorems 1.3 and 1.4.
Background in Convex Geometry
This section is devoted to basic definitions and notations in Convex Geometry. For a comprehensive reference we refer to the book [26] .
We recall that a convex body K ⊂ R n is a convex compact subset of R n with non-empty interior. The support function hK is defined as hK (y) = max{ y, z : z ∈ K} .
It describes the (signed) distance of supporting hyperplanes of K to the origin and uniquely characterizes K. We also have the gauge g and radial r functions of K defined respectively as g(K, y) := inf{λ > 0 : y ∈ λK} , y ∈ R n \ {0} , r(K, y) := max{λ > 0 : λy ∈ K} , y ∈ R n \ {0} .
Clearly, g(K, y) = r(K, y) −1 . We also recall that g(K, ·) is actually a norm when the convex body K is centrally symmetric, i.e. K = −K, and the unit ball with respect to g(K, ·) is just K. On the other hand, a general norm on R n is uniquely determined by its unit ball, which is a centrally symmetric convex body.
For a convex body K ⊂ R n we define the polar body, denoted by K • , by
Evidently, h −1
. It is also easy to see that (λK)
A simple computation using polar coordinates shows that
For a given convex body K ⊂ R n we find in the literature many bodies associated to it. In particular, Lutwak and Zhang introduced in [17] for a convex body K its Lp centroid body ΓpK. This body is defined by
where cn,p = ωn+p ω2ωnωp−1 .
There are some other normalizations of the Lp centroid body in the literature and the previous one is made so that ΓpB n 2 = B n 2 for the Euclidean unit ball B n 2 in R n centered at the origin. The definition of ΓpK can also be written as
For ε ∈ [0, 1] it is also convenient to define the asymmetric moment body of K as
The family of asymmetric centroid inequalities (8) was proved by Haberl and Schuster in [7] . Notice that h(Mε,pK, ·) as given in the first formula is always a convex function regardless of K ⊂ R n being convex or not. We recall that c(K) represents the center of mass of the set K. For any function f : R n → R and s ∈ R n , we also denote f s (x) = f (x − s). In order to prove Theorems 1.3 and 1.4 we shall make use of the following key result: Theorem 2.2. Let f : R n → R be a nonzero nonnegative continuous function with compact support and ε ∈ {0, 1 2 , 1}. Then, there exists a point c f,p ∈ R n such that 0 is the Santaló point of Mε,pM
. In other words, the point c f,p satisfies c(M
Thus in the proofs of Theorems 1.3 and 1.4 it will be enough to translate f by c f,p , although one could also minimize the right-hand side with respect to the translates of f as in (17) . For ε = 0, f = χK and p → +∞ we have M
and Inequality (17) recovers (2) with s replaced by c = c(K) (not by the Santaló point), see Inequality (3) of the introduction. Therefore we must consider c f,p to be an Lp-functional analogue of the center of mass. Remark 2.3. Although we are tempted to view c f,p as an Lp-functional affine-invariant point, we do not know if this point is in fact unique. We also do not know about the existence of such a point for ε ∈ {0, 1 2 , 1}. Another point we leave open is whether there is a unique point minimizing the right-hand side of (16) or even of (17) (this point would work as an Lp-Santaló point of f and K, respectively). Finally, it would be interesting to undertand the connection between c f,p and the functional Santaló point introduced in [1] . These problems seem to be challenging.
Existence of the point c f,p
In this section we prove Theorem 2.2 which is divided in two steps. Namely, we prove that the function µ defined in Lemma 3.1 below is continuous, and later that it has at least one zero.
Let us consider the notations M+,pf := M0,pf , M−,pf := M1,pf , M+,pK := M0,pK and ·, · + := ·, · 0. Lemma 1.1 motivates the following definition:
zdz .
Using polar coordinates, we get
and so it follows that µR is continuous. In addition, its definition provides readily that µR → µ pointwise in R n as R → +∞, and we claim the convergence is uniform in compact sets of R n , concluding the result. Assuming otherwise, there exist α k → α0 and R k → +∞ such that |µR k (α k ) − µ(α0)| ≥ ε for all k. Since the sequence (α k ) is bounded, in view of (20) we may apply dominated convergence to
−n−1 ξdξ and conclude that µR k (α k ) → µ(α0) which is absurd.
We finish this section by proving Theorem 2.2. For ε = we take the point s f,p (f ) at the origin, since all centroid bodies are symmetric. Besides, since M−,pf = −M+,pf , we only need to consider the case ε = 0. ≥ a x α , so that x,ᾱ > a. Denote Ct the cone defined by Ct(α) = {v ∈ R n : v,ᾱ > t} .
Choose any x ∈ supp f α and y ∈ C b (−α) and let z =x −ᾱ x,ᾱ and w =ȳ −ᾱ ȳ,ᾱ . Since z⊥α and w⊥α, we have x,ȳ = z +ᾱ x,ᾱ , w +ᾱ ȳ,ᾱ ≤ x,ᾱ ȳ,ᾱ + z w = x,ᾱ ȳ,ᾱ + 1 − x,ᾱ 2 1 − ȳ,ᾱ 2 < 1 − a 2 1 − b 2 − ab = a 2 b 2 + 1 − a 2 − b 2 − ab < 0 , so that x, y < 0 whenever x ∈ supp f
The equality cases of Theorems 1.3 and 1.4 follow directly from the equality cases of Inequalities (2) and (14) . This finishes the proof.
